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EMBEDDING NORMED LINEAR SPACES INTO C(X) 
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Abstract. It is well known that every normed linear space X is isometrically 
embeddable into C(Y) for some compact Hausdorff space Y. Here Y is the 
closed unit ball of A'* (the set of all continuous real-valued linear mappings 
on X) endowed with the weak* topology, which is compact by the Banach— 
Alaoglu theorem. We prove that the compact Hausdorff space I* can indeed 
be chosen as the Stone-Cech compactification of X * \ {0}, where A'* \ {0} is 
endowed with the norm topology. We further modify this theorem by replacing 
X* \ {0} with certain smaller subsets. Moreover, we find an upper bound for 
the density of Y in terms of the density of X. As an immediate consequence of 
this we reprove the known fact that every separable normed linear space can 
be isometrically embedded into C(Y) for some separable compact Hausdorff 
space Y. 


1. Introduction 

Throughout this note by a space we will mean a topological space, unless we 
explicitly state otherwise. 

For a compact Hausdorff space X we denote by C(X) the set of all continuous 
real-valued mappings on X. The set C(X) is a normed linear space when equipped 
with the supremum norm and pointwise addition and scalar multiplication. 

It is known that every normed linear space X can be isometrically embedded 
into C(Y) for some compact Hausdorff space Y. Here Y is the closed unit ball of 
X* (the set of all continuous real-valued linear mappings on X) endowed with the 
weak* topology, which is known to be compact by the Banach-Alaoglu theorem. 
Here we give a new proof of this well known fact, with Y being chosen as the 
Stone-Cech compactification of X* \ {0}, where X* \ {0} is endowed with the norm 
topology. Our proof is rather topological and makes use of some properties of the 
Stone-Cech compactification. We show that the space X* \ {0} appearing in the 
statement of our theorem may indeed be replaced by any arbitrary norming set for 
X. We conclude with a result which provides an upper bound for the density of Y 
in terms of the density of X. In particular, we prove that every separable normed 
linear space can be isometrically embedded into C(Y) for some separable compact 
Hausdorff space Y. 

Recall that a compactification of a completely regular space X is a compact Haus¬ 
dorff space which contains X as a dense subspace. The Stone-Cech compactification 
of a completely regular space X, denoted by fiX, is the (unique) compactification 


2010 Mathematics Subject Classification. Primary 54D35, 46A50; Secondary 54C35, 46B20, 
46B50, 46E15. 

Key words and phrases. Stone-Cech compactification, Banach—Alaoglu theorem, Tychonoff 
theorem, separable normed linear space, norming set, embedding. 

* Corresponding author. 

This research was in part supported by grants from IPM. 


1 



2 


M. FAKHAR, M.R. KOUSHESH, AND M. RAOOFI 


of X which is characterized among all compactifications of X by the fact that every 
continuous bounded mapping / : X —> R is extendable to a continuous mapping 
F : fiX R. The Stone-Cech compactification of a completely regular space al¬ 
ways exists. For more information on the theory of the Stone-Cech compactification 
see the texts [4] or [6j. 

The Stone-Cech compactification was introduced independently by M.H. Stone 
in ! 7) and E. Cech in [3] in 1937, developing an idea of A. Tychonoff in [9] (used in the 
proof of his celebrated result nowadays referred to as the Tychonoff theorem). The 
Banach-Alaoglu theorem was proved by L. Alaoglu in |I] in 1940, as a consequence 
of the Tychonoff theorem; though, a proof of this theorem for separable norrned 
linear spaces had been already published in 1932 by S. Banach in i- (For a 
proof of the Banach- Alaoglu theorem assuming the existence of the Stone-Cech 
compactification see the recent paper [5] by H. Hosseini Giv.) 


2. The embedding theorem 


Here we prove our embedding theorem. The proof requires the theory of the 
Stone-Cech compactification (besides a critical use of the Hahn- Banach theorem) 
as the main ingredient. 

Theorem 2.1. Let X be a normed linear space. Then X can be isometrically 
embedded into C{Y) for a compact Hausdorff space Y, namely, with 

Y=P(X*\{ 0}), 

where X* \ {0} is endowed with the norm topology. 

Proof. Let x € X. Define 

9 X : X* \ {0} —> R 
by 

«.(*•) = Gd 

IfII 

It is clear that the mapping 6 X is continuous, when X* \ {0} is endowed with the 
norm topology. We verify that 9 X is bounded. For this purpose we indeed show 
that 


(1) 

Note that 


119,11 = Ml 

l*„ooi = XM! < I 


IF II IF II 

for any x* 6 X* \ {0}. Thus ||0 X || < ||x||. On the other hand, by the Hahn- 
Banach theorem, there exists some z* € X* such that ||z*|| = 1 and |z*(a;)| = ||x||. 
Therefore 

!**(*)! „ „ 


\e x (z*)\ = 


\\Z*\ 


which implies that ||x|| < ||0 X ||. This shows £[]). Observe that the mapping 9 X , 
being continuous and bounded, can be extended to the continuous mapping 

0 X : p(X* \ {0}) —> R. 

Define 

C : X —> C(p(X* \ {0})) 
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such that 


0.T 


We show that 0 embeds X isometrically into C(j3(X* \ {0})), that is, 0 preserves 
addition, scalar multiplication and norms. Note that 


(2) 6 x +z — 9 X + 9 Z 

by definitions. Thus 

0(x + z) = 0(x) + 0 ( 2 ), 

as 0(x + z) and 0(x) + ©( 2 ) are continuous and they agree on the dense subspace 
X* \ {0} of (3{X* \ {0}) by ([2]|; indeed 

0x+z|x*\{o} = $x+z and (Q x + ©z)|x*\{o} = 9 X + 0 Z . 

Similarly, we can show that 

<d(ax) = a<d(x). 

To conclude the proof we need to show that 0 preserves norm. It is clear that 

110x11 < 110,11, 


as Q x extends 9 X . Also 


110x11 < ||0*||, 


as 


Q x (f3(X*\{ 0})) = ©,(X*\{0}) 

c Q x (x* \ {0}) = 9 X (X* \ {0}) c [ - ||<y, ||0 X ||]. 

That is 

(10x11 = 110x11- 

This, together with m proves that 

||©(x)|| = ||x||. 

□ 


Let X be a normed linear space. A non-empty subset T of X* is said to be a 
norming set for X if 

||x|| = sup {|x*(x)| : x* e r} 

for every x £ X, where the supremum is attained. Clearly, the closed unit ball 

{x* GX* : ||x*|| < 1} 

is always a norming set; there are, however, spaces with much smaller norming sets. 
(See 0, Chapter 8, Example 10.) 

The following theorem, which modifies Theorem 12.II may therefore be of some 
interest. 

Theorem 2.2. Let X be a normed linear space. Let T be a norming set for X 
endowed with the norm topology. Then X can be isometrically embedded into C{f3T). 
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Proof. Let x £ X. Define 


0. r : r 


by 


9 x {x*) = x*(x). 


Then 9 X is continuous and is bounded; indeed ||0 X || = 
that 


9 x {x*)\ = |x*(x)| < ||x|| 


as we now check. Note 


for any x* £ T, as T is a norming set for X. Thus ||0 S || < ||x||. On the other hand 
||x|| = |z*(x)| (= \9 x (z*)\) for some 2 ;* £ T, as in the definition of a norming set the 
supremum is attained. Therefore ||x|| < ||0 X ||. The remaining part of the proof now 
follows from an argument similar to the one given in the proof of Theorem 12.11 □ 


The following corollary should be known (although we have been unable to locate 
it in the literature). We derive it here, however, as an immediate consequence of 
the construction given in Theorem 12. II 

Recall that the density of a space X , denoted by d(X), is the minimum cardi¬ 
nality of a dense subset of X; more precisely 

d(X) = min { \D\ : D is dense in X } + H 0 . 

In particular, a space X is separable if and only if d(X) = Ho- It is clear that the 
density of a space is always bounded by its cardinality. 

Corollary 2.3. A normed linear space X can be isometrically embedded into C{Y) 
for a compact Hausdorff space Y of density at most 2 d b Y ). 

Proof. Observe that 

d(f3(X* \ {0})) < d(X* \ {0}), 

as any dense subset of X* \ {0} is also dense in/3(X*\{0}), since X * \ {0} is dense 
in /3(X* \ {0}). Let I? be a dense subset of X of minimum cardinality. We may 
assume that D is infinite. Note that 

\X*\ = |{x*|_d : x* £X*}\, 

as any continuous real-valued mapping on X is determined by its value on the dense 
subset D of X. We have 

d(X*\{0}) < |X*\{0}| < |X*| < \R d \ = |K| |d| = 2=2 d( ' Y ). 
Theorem m now concludes the proof. □ 


By a well known theorem of Banach and Mazur [2], every separable normed linear 
space can be isometrically embedded into C([0. 1]). The following corollary (which 
sharpens the upper bound given in Corollary m may be viewed as analogous. 
Observe that a separable normed linear space always possess a countable norming 
set. (See [8], Chapter 8, (the proof of) Proposition 11.) 

Corollary 2.4. A separable normed linear space X can be isometrically embedded 
into C(Y) for a separable compact Hausdorff space Y. 

Proof. Let T be a countable norming set for X. Then X may be isometrically 
embedded into C(/3T) by Corollarv l2.2l Observe that /?T is separable. □ 
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